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IMPORTANT NOTE

This volume was written by and for engineers and scientists who are
concerned with the analysis and synthesis of piloted aircraft flight
control systems. The Bureau of Aeronautics undertook the sporisorship of
this project when it became apparenlt. that many significant advances were
being made in this extremely technical field and that the presentation
and dissemination of information concerning such advances would be of
benefit to the Services, to the airframe companies, and to the individ-
uals concerned. |

A éontract for collecting, codifying, and presenting this scattered
material was awarded to Northrop Aircraft, Inc., and the present basic
volume represents the results of these efforts,

The need for such a volume as this is obvious to those working in
the field. It is equally apparent that the rapid changes and refine-
ments in the techniques used make it essential that new material be
added as it becomes available. The best way of inainta.ining and improving
the usefulnesé of this volume is therefore by frequent revisions to keep
it as complete and as up-to-date as possible,

For these reasons, the Bureau of Aeronautics solicits suggestions
for revisions and additions from',those who make use of the volume. In
some caseé » these suggestions might be simply that the wording of a

paragraph be ch'anged for clarification; in other cases, whole sections

outlining new techniques might be submitted.

CONFIDENTIAL | .
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Each suggestion will be acknowledged and will receive c,a,ref\-;l‘gtudy.

- For those which are approved, revision pages will be prepared and dis-

tributed. Each of these‘wi‘ll contain notations as necessary to give full

- credit to the person and organization responsible,

This cooperation on the partloi‘ the readersf;pf this volume is.vital.
Suggestions forwarded to the Chief, Bureau of Aeronautics (Attention
AE-612), Washington 25, D. C., will be most welcome.

L. M. Chattler

Head, Actuating & Fllght Controls Systems Section
Airborne Equipment Division ‘ :
 Bureau of Aeronautics
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PREFACE

This volume, The Hydraulic System, has been written under Buler

Contract NOas 51-514(c) to present to those concerned with the problems

of designing integrated aircraft control systems certain basic informa~-
tion regarding‘hydrauli.c systems used to position é.ircra,ft control sur-
faces. | |

The purpose of the volume is to develo.ﬁ mathematical models of
typical aircraft hydraulic control syétem.s. The analyses are used to
show the‘ effects of various system parameters on stabilit;y where aero-
elastic behavior of the airframe is not a prominent factor. Portions
of the analyses are used to outline possible flutter systems including
the aeroelastic airplane, the hydraulic actuator, and other servomech- -
anisms of flight controller .loops.

It is mathematically expedient, though somewhat artificial, to
treat the flutter problem as a separate entity. This separation corre-
sponds to current practice in fche study of the control of aircraft. The
material of this volume is therefore presented in two parts.

Part I, composed of eight chapters, is primarily concerned with
derivation of the controlling equations of typical actuators and with
stability of typical systems embracing an actuator and a simplified
control surface.' The problem of instability is given heavy emphagis »
and several methods for overcoming this difficulty are presented.
Details of design have been considered only where the reader may be'
aided in a physical understanding of the behavior of typical systems.
The hydraulic actuator configurations which are discussed have been

chosen as most nearly representing current design practice.
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Part II of the volume is composed of two chapters. The first deals
with the conceptual modifica.tion of the classica.l flutter system to

&

eccount for the effect on flutter of a complex corxtrol system embracing
several servomeche.nisms. A second chapter presents certain techniques
for effecting a solution of the complete servo-flutter system.

-Among those who have helped in the preparation oi‘ this volume, h
speclal reference should be made to R. E. Gaskill for his ekilful work

in transcribing the many equations, and to Shirley Keys who typed the

msnuscript .

D. Ti McRuer, Supervisor’
Servomechanisms Section
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PAAT I

HYDRAULIC ACTUATING SYSTEMS
CHAPTER 1
INTRODUCTIOK

Part I of this volume is concerﬁéd specifically with the problems and
the general design criteria associated with hydraulically powered aircraft
surface controls, The early sections deal with general cogsiderations
relating to this subject, and the later chapters discuss more specific
applications of particular systems. It should be emphasized that through-

out the volume the basic analytical approach rests upon the mathematical

models of the tran'sﬁr functions of interest. The effects of parameter
variations upon these transfer functions and upon over-all .perfémance are
discussed in the final chapters, - |

A primary consideration in the design of any type of servomechanism,
or of control systems in general, is the ease with which the flow of power
is controlled. Among other things which a servo does, it operates as a
power amplifier, gnd therefore the facility with which the power may be

metered into some dynamical system determines to a large degree the choice

of various components comprising the system. Nearly all the difficulties

encountered in the design of any device arise from a misapplication of the

most fundamental engineering concepts, In the particular case of a hydraulic

control device, certain design ahortcomings_ may be attributed to improper
applications of such basic concepts as fluid flow and system dynamics, and
to other simpler considerations, mechanical in nature,

With these introductory thoughts in mind, the more general consider—
ations entailed in hydraulics analysis will now be presented.

CONFIDENTIAL -
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‘ment elsewhere in the system.
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«  CHAPTER II

GENERAL CONSIDERATIONS
SECTION 1 - THE NATURE OF THE HYDRAULIC MEDIUM

The hydraulic meiiium is considered tc be a (;relafoively) .incompreasiblq

. fluid. In addition it is considered to be completely continuous and homo-

rs

geneous, This implies that, in the hydraulic system, there are no disconti-

nuities, such as cavitation, free air, etc. The hydraulic medium is thus

~capable of completely filling any cavity or chamber. This hydraulic medium,

which will be referred to hereafter as a "liquid," is-capable of withstanding

compressive loading only., The column of liquid comprising the hydraulic system

" ¢an be considered as a fluid piston. Therefore a displacement of a volume of’

liquid anywhere in the hydrailic system will result in an equivalent displace- .

[

Consider a system made up of two movable pistcns connected by mear:s of

'

external plumbing.

Working Fluid
under Pressure
P .

o : . ’AP
p= Output Load X=X, 22

A A . AP:

Figure II-l. Simple Hydraulic System

The chambers formed by the two pistons and the bores in which they operate
and also the interconnecting plumbing are completel? filled with liquid.

Disregarding the transient state ,' if one piston is displaced, the entire
CONFIDENTIAL ’ II-1
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Section 1  CONFDENTIAL

column of liquid undergoes an identical volumetric displacement., The linear
displacement of the secondvpiaton is equal to that of tAhev first piston modified
by a péépbii‘%iohaiity'faétér which is the ratio of the areas of the two pistons
sxposed to the hydraulic fluid, AP, /A'? . If the output piston operates against
a load, the liquid contained in the system is subjected to a compressive loading.
The intensity of this loading is ‘the magr}itude of the output load divided by
the irea’ of the output. member'\~ as seen: by the fluid under compression., The .
intensity of the 'éoxnpre_ssive stress so generated is referred to as "pressure,". .
which 'is generally expressed in pounds per square inch. If the velocities. .
encountered in a system are not high, this compressive stress is uniform through-
out the, system, ' : |

The product of the volumetric flow rate (corresponding to the output piston
velocity) and the generated pressure yieids a time rate of work performed, of
power output. In the hydraulic system described above, if the load on the A‘out-
put member is such that a pressure of 1714 pounds per square inch is induced
throughout the system, and if the input member is moved so that the fluid is
displaced at the rate of one gallon per minute » the system is transmitting one
»horsepowor. _ .

SECTION 2 - GENERATION OF HYDRAULIC POWER

Since the main function of the hydraulic control system is to meter
hydraulic power into a dyhamical ?ystem, a brief discuégion c;f how thiq power
is generated is pertinent, The source of the hydraulic power is a fluid |
pump of some type, usually driven by the main propulsion unit of the aircraft,

In general, two types of pumps are available: these are classified as
hydrokinetic and hydrostatic. |

-2 CONFIDINTIAL
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The hydrokinetic type pump involves the handling of relatively large vol=-
imos of fluid at fairly low pressures. An.example of this tqu of hydraulic ‘

' .po'wer generator is the well-known centrifugal pump, In a device of this sort,

large volumes of fluid are received in a central chamber, This fluid is accel=-

erated in a radial direction and attains high velocity. The momentum thus

' |
imparted to the fluid.is delivéred to the high pressure outlet of the pump as

- the fluid is decelerated in the outlet chamber, Since this type of fluid

power generator lis. not normally used in aircraft hydraulic systems, only pass—
ing mention of the device is made here,

Because minimization of the weight and volume of components used in air-
cr‘a.ft systems is of prime importance, the hydrostatic, or positi\fe displacement,
type pump is almost universally used. The simplest type of plump (see Figure
II-2) is a simple reciprocating piston.

10AD [

__.,, : e i - /Retum

Piston Reciprocated
by Prime Mover

A Suinp
'Figure II-2. Simple Reciprocating Piston

CONFIDENTIAL | 11-3
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The piston is connected to suction and discharge ports by means of appropriate

valving such that on the suctiori part of the stroke the chambér formed by the® -

" piston and the bore in which it operates.is completely filled with 'fluid takeh -

from the suction line, During the reverse; or discharée‘ R stroke this volume of

fluid is delivered to the discharge line at a somewhat higher pressure. If the

piston is driven co‘ntir.,mous‘ly in an approximately sinusoidal manner by ‘means '

of a crank mechanism, a simple positive displacement pump is the results '
A device of this typé is suitable for use with a compressible fluid; an

example is its uée as an air compressor. However, this kind 61‘-A1‘:‘ump cannot

be uged as a hydraulic power generator since the discharge rate throughout the

cycle is not constant, or even approximately so. In order to provide a"s'ah\.‘,i’s-'-wwwm

factory hydraulic power generator, a multiplicity of such pistons must be.pro-.:'

vided, In addition, the angular i)hasing of the pistons should be such that

each piston performs its suction and discharge functions in a fixed phase

relationship to the piston which follows it. To mihimize pump output ripple,

an uneven number of pistons is employed.

Valve Plate (Stationary)

H Cylinder Barrel
' /—Piston (One of, say, nine )
7777 |
-, /’Z_:— D E &y« Radial Bearing
_ ——7/ S ?‘\—Thrus;t.Bea.ring_‘
Pump Housing ——e K . —Is) ‘ . SR
—° F > 508
—= =/ SIS
=7 | N \\\\
\Y, | & \—Shaft Driven by
> Prime Mover
Universal Joints — v
‘Socket Ring ” -

Figure II'/-'B("a*)-;. Positive Displacement Hydraulic Pump

-
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£l

- Stationary

Note: Socket ring thrust and radial bearing not shbwn.

Figure II-3(b), Positive Displacement Hydraulic Pump

A typical configuration (see Figure II-3) consists of, say, seven or nipé
pistoné (A) operating in the bores of a rc;tatable cylinder barrel (B). The
pistons are'A connected to a rotatable socket ring (C) by means of short connect-
ing rods (D) and ball and socket joints (E). The socket ring and the cylinder
barrel are synchronized by means of a small connecting shaft (F) and universal
Joints (G) as required. Consider that the sockeﬁ ring is rotated by -son;e

prime mover such as the main propulsion plant. Therefore, the cylinder barrel

. and the pistons also rotate about a longitudinal axis, If the socket riné is

displaced angularly about a transverse axis normal to the axis of rotation,
continuous reciprocation of the pistons relative to the cylinder barrel results

as the socket ring is driven by the prime moirer. _Bécause the bores in which

‘the pistons operate are arranged parallel to the axis of rotation of the cylin-

der barrel and are located a.t th'e same radial dista.nc‘e from the axis of rotation,
and since the angular spacing of the bores is equal in each case, the desired
fixed phase i-elationship between the individual pistons is achieved. The

remaining necessary feature is the valving means which alternately comnects

CONFIDINTIAL | | 11-5
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the pistons, as they reciprocate, tor the suction and discharge lines of the
hjdra‘ulic system. The cylinder barrel is provided with a flat surface normal
to the axis of its rotation. The chambers of variable volume, formed by the
piston heads and the parallel bores in the .cylinder barrel, commnicate with
the flat surface of the base of. the cylinder barx;el' by means of drilled holes
(H) of reduced diameter. These hoies » of course, move 'ﬁhrough a circular path
as fhe cylinder barrel rotat*es' in synchronism with the socket ring. Rotation
of the cylinder barrel thrdugh 180° moves some réference piston into 'the cyl-
inder barrel, thereby reducing the volume of fluid within the 'cylihdér.' Dur-
ing the remaining half cycle, the pistén travels in the reverse direction,
drawing fluid into the cylinder. All that remains to be provided is means
to isolate these two regioné of operation from each other and to connect them
reépe‘ctively to the c'lischa.rge and suction lines of thg hydraulic system.

The flat base of the cylinder barrel ;fotates against a flat surface which
forms a valve plate 4(J ) fixed to the pump housing (x). The valve plate is

equipped with two kidney shaped.ports (L). These two ports are so arranged

that one of them commnicates through the holes (H) with the chambers in which

the pistons are adva.ncing and for which the volume of the chambers is there-
fore decreasing; and the other pqrt gives access to the chambers in which the
volume is increasing.. ) A _

At the two de'ad center positions, corresponding to the point where any
piston reverses direction; commtating lands separate the two ports of the
valve plate. The width of these two commtating lands is approximately equal
to the diameter of the holes in the flat surface of the cylinder barrel. The
two ports of the valve plate are connected directly with the suétion and dis-

charge lines of the hydra_.ulic syetem; The configuration of the cylinder bores,

II-6 CONFIDENTIAL
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thé reduced diameter holes,' and the semi-circular ports of the valve'plate are

arranged by means of careful design so that the system is in a sta"l;.q of hydrau-

lic balance. Thus ihterna.l pressure has no tendency to disturb the intimate

surface contact of the rotating cylinder barrel with the'stationary valve plate.

If the angular relationship of the socket ring to the cylinder barrel

about the transverse axis is fixed, the pump is a constant displacement type.

If this angular reiationship ‘can be changed during the normal operation of the

‘-Mp, it becomes a vériable displacement type. Both are widely used in air-

craft installations.

The type of equipnent Just described when driven by a prime mover is a |
hydraulic pump. The same basic unit when supplied by a source of hydraulic
fluid under pressuré can be used as a motor. The combination of a variable
displac_ement pump di'iving a constantddiSpla.cement motor'constitutgs the_basic
configuration of a positive displacemenf hydraulic transmission. This device

is widely used and is to be considered in some detail in this chapter,
SECTION 3 - FUNCTION OF THE HYDRAULIC SERVOMECHANISM

The function of the hydraulic servomechanism is to control the flow of

hjrdra.ulié power. This power is in the form of a volumetric flow rate of a

. (relatively) incompressible fluid operating, generally, against an appreciable

load-induced pressure. This volumetric flow is used to actuate some type_ of

_ servo motor. The servo motor or actuator is used to control the position,

velocity, or acceleration of some dynamical system which is made up of lumped
or distributed elements of inertia, damping, and elasticity. Ther_efore, the
dynamical nature of the load and the attendant coupling of the dynamics of the

load to those of the servo actuator with its associated control elements,

" present a problem of some complexity. Generally the power level of the output

'CONFIDENTIAL 11~




Section 3 CONFIDENTIAL

of the hydraulic“éervo is many times greater than the power livol of the input

signal.

Thus the hydraulic‘servomeéhanism operates as'avpower amplifiér.

Because the unit is actuated by the existence of an error, generéily

appearing as a valve diéplacement, a feedback loop and an error senéing élament

are necessary parts of the éystem. The hydraulic servomechanism must control

the position, velocity, and acceleration (and sometimes higher dérivativéé) of

the output control member in a stable fashion throughout the entire frequency

spectrum,

Marginal instability exhibited by a condition of incipient hunting

is sufficient reason for rejecting any specific servo design.

The functions and performance requirements of the hydraulic servomechanism

" are of-course identical to those of any other type of servomechanism, In the

functional consideration of the hydraulic servomechanism it is necessary to

study those particular features which make the use of hydraulic components par-

ticularly attractive to the controls'deéignef.‘ Those f eatures which are worthy

of consideration are enumerated aé'fblloﬁé:

1.
2,
3.
ke
.5,
6.
7.

Size

Weight

Power level

Speed of response (torque to inertia ratio)
Reliability | " |
Cost

Ease of control

The first four items of this list are those in which the hydraulic servo

has an advantage over other types through a certain range of power levels. The

data in Table II-1 indicate the important features of several comercia.lly

available hydraulic motors adaptable directly for use as servo actuators. Most

I1-8
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£
- VICKERS INC, MOTOR NO,
MOTOR UNITS : ’ ,
CHARACTERISTICS "
MF=-24-3906- | MF=36~3908- |MF=3909- ‘ |
308C-2 302-2 3022 o
Maximum Operating psi 3000 . 3000 | 3000 |
. Pressure
- — it .t o v+ e e emim meis a e >
Maximum R.P.M. ' ’ §
Continuous TR __L Soon 3750 3750
Displacement in3 / rev. | 0,095 0.240 0,367
Torque at Maximum in.=1b. | 45.4 115 75
Pressure
Horsepower at Maximum h.p. L3 6.8 10.4
Pressure & R.P.M. '
. .2 4 -4 -4
Moment of Inertia 1b.in,.sec 1,09 x 10| 4.95x10 | 1,02 x 10
Volume of Oil Under in3 0.12 0.35 042
Compression
Approximate Volumetric g 9% 96 96
Efficiency , S
Weight 1bs, 1.75 2.75 L5 ‘ :
: [
Torque to Pressure ind 0.015 0.038 0,058 ;
Ratio : '
Torque to Inertia rad, / sec? 410,000 | 230,000 171,000 )
Ratio
Hydraulic Compliance* |rad./lb.in.| 53.3 x 10°| 24.3 x 10| 13,16 x 10 .

Table II-l.

¥*Based on a bulk modulus for the hydraulic fluid of 250,000 psi..

(Compliance is reciprocal of "stiffness.")

" CONFIDENTIAL
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of the features listed are from the manufacturers' catalog data, Some of the g;:)
others are calculated frbm ﬁhese data.
"For a high performance servo, the most important item on the list is the
tofque to inertia ratio. This ratio is often given as a figure of merit for a
servo motor and is a direct measure of the available acceleration., Of almost
equally great importance is thé low weight (and corresponding small size) of
any of the motors listed‘for‘the given power rating. Comparison of the items -
of this' list with thogg for an equivalent electric servo actuator clearly dem=-
onstrates the superiority of the hydraulic servo,
The‘éost/of hydréulic‘components is generaliy fairly high because Bf the
necessary precision of tﬁe manufacturing techniques. 'Even so, the cost of
hydraulic component§ cqmpares.favorably with that of equifalent‘components of
other types. This is especially true iﬁ the field of aircraft control systems, (:;)
In general, the reliﬁbility of hydraulic components is excellent. The
flexibility and ease of coﬁtr?;.further enhance the over-all excellence of the
hydraulic servo. It is believed that the ease with which hydraulic power can

be contrélled will become evident later in this chapter when the control of

hydraulic power is more specifically considered.
'SECTION 4 - TYPES OF HYDRAULIC SERVOMOTORS %

Hydraulic servomotors can be classified under two generic headings; they

-are the linear and the rotary types. The former of these is the direct acting

hydraulically controlled piston actuator. This type of actuator generally
operates with the chambers at each éide of the piston head pressurizegf (An
exception to this is ﬁhe use of this kind of actuator in the so-called "open

center" system.) The piston may be of the balanced area type in which the

O
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_areas exposéd to'the respective pressures at the two sides of the piston head

afe,approzdmately equal, With such an a.étuator,‘ the pressures on bath sides -

_of the piston head, 'and the resulting fluid flows, are precisely controlled by

. complementary servo elements. (See Figure II-_h(a)_.)

X\ ;‘|\<:\
L
lr lIl”
{
N

L L L

. (a) Balanced area piston type actuator.
(Pressures /° and £ at each side of piston head
both controlled by valving means.)

‘Constant ]
High Prossure % 9

s__i._—.__::

Ll LLL L L L L

| (b) Differential area piston type actuator.
(Only one pressure, 4 , controlled by valving means.,)

Figure II-4, Types of Servo Actuator

, An alternate tjrpe of linear servé actuator is the piston type in which
thé raf;io of the areas of eithe.r side of the actuator pistén head is approx-
imately two to one'. (See Figure II-4(b).) In. such a device, the small area
chamber is'ported directly to the constant pressure system supply. The pres-
sure and the .flc'aw raté to the 1a'rgér area chambe.r goptrol'thé" actuator per-
formance, |
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The rotary type actuator assumes a v;riety of forms,. _Practica.'l,]; any type
of positive displacement hydraulic pump can be ada.pted for uée as a rotary
servo actuator. These include axial and radial multiple piston actuators as
well as gear and vane type actuators.,

In general, any hydrauli¢ servo actuator, linear or rotary, can be con-
trolled either by the use of conventional valving or by the use of a servo con-—

trolled variable displacement pump.
SECTION 5 - POSITIVE DISPLACEMENT HYDRAULIC TRANSMISSION

The po;itive displacement ﬁydraulic transmission consists basicaily of a
variable displacement pump and a fixed displacement motor hydraulically inter-
connected in such a way that the volumetric output of the pump drives the
hydraulic motor. The variable displacement pump is driven at a constant speed
by some type of prime mover. ‘The angular velocity of tﬁe motor is proportional
to the volumetric flow pate to it; the latter is"proportional to the angle of
tilt of the socket ring in the pump if the device is of the same type as that
described earlier in this chapter. Therefore, servo control of the ogtput
member, that is, of the fixed displacement motor, is achieved by dpntrol of the
tilt angle of the variable displacement pump. Generally the variable displace-—
ment pump is referred to as the "A-end," and the fixed displacement motor is
referred to as the "B-end." The siﬁple system is as shown:

| e

A-end Tilt Control (X)—

w
=—‘ﬂ_— .' \\“‘\\)\)\& ,‘0
- A W
i N To
< B | Load
Drive Motor A-end (Pump) B~end (Motor)

Figure II-5., .Hydraulic Transmission
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'The basic equation involved can be expressed as:
(II-l) ‘OP - OM* QL g OC .

where

Qr 1is the total volumetric flow rate from the pump

¢y 1s the flow rate consumed by motor rotation

" Q is the leakage flow rate

Q. is the compressibility "flow rate® '
It is possible to define each of the quantities above in terms of known system
characteristics,* |

QP Wfaries from zero to & maximum in stepless increments as controlled

by the A-end stroke (X) . X varies from zero to * 1.0, Therefore
(11-2) Qo = Xdpw)y (in? / sec.)

where
@, is the volumetric displecement of the A-end at full stroke (X=.0)per
unit of angular displacement (in? / radian).
(‘)d is the (constant) angular velocity at which the A-end is driven.

Also:
(11-3) Q =LA (ind / sec.)

where:
L is the system leakage factor of the complete transmission. (This
is derivable from catalog curves of volumetric efficiency versus pres-

sure drop across the motor. This is very nearly a linear function,)

#The following derivation of (II-6) is essentially that given in
Brown, G. S., and Campbell, D. P., Principles of Servomchanisms, John
Wiley & Sons, New York, 1948,
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A is the pressure drop (psi) across the motor. (This is entirely a load

induced pressure,)

Further:

~ _% dR g
(11-4) & =73 gt (in? / sec.)
wheré:

76 is the total wolume of liquid under compression in the active system.,
(This is a constant and does not’ vary with motor position.)

N is the bulk modulus of the liquid. (See Chapter III, Section 2.)
Finally: ’

[

(11-5) lQ"M = d,, W (in3 / sec.)

where: .
'dm is the volumetric displacement of the B-end per unit angular dis-
- placement. |
4 4, is the angular velocity (variable) of the B-end.
- Combining (II-2), (II-3), (II-4), and (II-5):
(11-6) Xdpaly = dpad * LR *+ -75—'2—?—

At this point, it is convenient to introduce the quantity Z, » vhich is

referred to as "load impedance," !

By definition,

S S
Xm
therefore, from (II-5): ,

R = Z,ad, ‘/-,f
Substituting this value of £ into Equation (II-6):

1I-14 | *  CONPMDINTIAL
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(II-7)  Xdpa)y = dpab * zLd,,,'cbo(L + —;—?‘- )

The Laplace transform is introduced at this point to simplify presentation of
the equations,

The open loop transfer function of the hydra.ulic trandnisaion is then:

(I1-8) %(s) - q;")" / >
mo e ZL(L + Vcs) |

For the relationship bstween the angular output position (6,) of the Bend
and the control input (X) , there results: “

ar9) 2L
|+ Z‘(L f»ﬁc’s)
where :
§ .- 5
) ap

Several simple cases of specific types of loading are considered:
Case (a) | ' |

The case wherean inertia element is ‘rigidly coupled to the B-end output

. shaft,

The load torque,

T = Js?g

CONFIDENTIAL - 1I=15
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Since

Z = ::gm
Also, the torque,

I =ch i

where ¢ (in3) is the motor torque per unit pressure.(inch pounds per psi
active syétem pressurs differential). This value is often given as part of
the manufacturer's model designation, |

Therefore, in this case,
Jszeo

Z ‘c'd,,,seo

or

—
ca,,

CZ6)-

and the system (open loop) transfer function becomes

(11-10) %(s)'= q:,“)d % e
m cd,* JLs + °s7
A\ N
or
| 6, K /
- Q) = —-
e XU e )
cq, N cd,
Case (b)

The case where an inertia element is coupled to the B-end output ghaft

by means of an elastic member and with output damping,
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As before,
7 = _Jorgue
o €5 6,

The load torque,
= k(6,-8) = Js'e * Bsq

‘from which
¢ Js?+ Bs + &k
Then the torque,
= /<2 \ (S .

T =l B
Since

7 - Torgue

k(/s + B)
Z.(5) = (

‘od,,(Js?+Bs + k)

and the system transfer function becomes

eo() d,, Wy ' | cd,,(Js®+ Bs + k)

(11-12) d s ' ' k% ~
™ od,(Jst+Bs v k)+ kl(/s+B)+ Wcﬁjs‘ +8Bs)

_? (Js‘;’# Bs + k)
KJ J;E).,‘(B?‘z;: e/ng) ( 5/«4]

- CONPIDENTIAL 1I-17
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Case (c)

This system is the same as (b) but with zero damping (B=0) .

xS (%7 ) LY *]
[k'*cd,,,/vs*c«d,,,"”

In a similar manner, load dynamics of any degree of complexity can be
.'included in the over-all system transfef function, Study of the transfer func-
tion above yields the design ‘requirements of the servo device which controia
the stroke (X) of the A-end, |

SECTION é - SEPARATION OF LOAD DYNAMICS

In the preceding section, the concept of load impedance was introduced,
This was done in order to establish a means whereby the load dynamics of a
system may be separated from the dynamics of the unloaded servo device., Al-
though it is not necessary to separate the load dynamics in this manner, doing
so sometimes yields a better physical insight. The techniques involved may
appeal to certain engineers, and this section is presenfed for that reason,

Iﬁ general the dynamic;.s of the unloaded servo element are fairly easy to
define., If no other means are available, a series of simple bench tests will
suffice, in many cases, to establish the important parameters applicable to
the unloaded servo element. If the dynamics of the load can be handled as a
separate entity, the over-ail problem of determining syaf;m behavior becomes
somewhat simplified. |

11-18 “CON!I"D!NTIAL
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In order to clarify this idea, the block diagram below is considered.

e Gy

8
—

LOAD

" pnaIcs [T ¢

——— K6, ———=

Figure II-6. Load Block Diagram

In the diagram the transfer function of the uhloaded servo system is des-

ignated by A:G. . For a condition of no load the system output (a) is identi-
S ~$

cal with §,, ‘since the contribution of the load dyhamics is zero. For‘the
system operating under an appreciable loaa, the unloaded system output (a)
differs from the actual output (6,) by the amount (b) suppiieci by the load
dynamics. It is well to keéep in mind that the diagram does not necessarily -

represent any actual physical array of hardware, Parts of the diagram may be

purely fictitious, and such an arrangement is used here only to provide a means

of understa.nd:_lng the over-all problem,

If the diagram is accepted as such, the following relationships are appar-

ent,
(1) @ = a-b

b is subtracted from & by the fictitious differential device D-2,
(11) € =6 -6,

€ can be considered the instantaneous error and is formed by comparing
system output (5,) to the input ( 6;) at the differential device D-1,
(111) 8 = (KG,)E |
AsGs 1is the open loop transfer function of the unloaded system,

CONPFIDENTIAL 1I-19
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(v) b= (k&)6 e
G is the "transfer function" of the load dynamics.

(V) &, = (K- G,)E

ArGr is the actual open loop system transfer function under load.

Combining (I), (III), and (IV),
& = (/sts)e "(/‘264)90

and

S . A
-~ & KSGS(/* KLGL> |

)
Since -é’ is by definition Ay Gr,

. /
(II-B) KTGT = KSGS(/ + /(LGL)

This last expreAssion relates the ;:«ver-a.ll system transfer function to the
transfer function of the unloaded system and that of the load dynamics as a

separate entity., This may be compared with the general expression for the over-

all system transfer function of the positive displacement hydraulic. transmission,

Equation (II-9), which is repeated below as:

(11-14) %(5)= Ll / -
¢ a (s e)
In this expression the unloaded system transfer function is that part of

the right hand side not enclosed in the brackets. Therefore, in this case:

K
KsGs = ?

This indicates that the unloaded positive displacement hydraulic transmission
acts as a perfect integrator, as indeed it does, That is, for a fixed position '
of A-end tilt, a proportional B-end output velocity results,

II-20
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Further comparison of Equations (II-13) and ‘(II-].L) shows that the transfer

function of the load dynamics is:
14
(11-15) KG = Z (L + Ws

The performance of a well-designed servo system employing a positive
displacement hydraulic transmission will be such that in the range of fre-

quencies covered by the input signal, the device will operate very nearly like

load dynamics become more prqnounced, there must be no evidence of incipient
instability. In addition, of course, the device must be capable of meeting |
whatever performance specifications are applicable, ” | |
' These last comments apply, in a gener.a.l sense, to the valve controlled
actuator servo device., This type of servo element is discussed in the fo].low-.
ing section, An attempt is made to show the similarity of the valve controlled

servo, which is basically a non-linear device, to the poa;ltive displacement

type, which is essentially a linear device,
.SECTION 7 - VALVE CONTROLLED SERVO ELEMENT

The valve controlled hydraulic actuator is probably more widely used as
a servo element in aircraft control surface actuation yhan any other device,
A typical configuration employing a closed center four-way control valve with
unity feedback is shown in Figure II-7, | .

CONFIDENTIAL II-2
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Figure II-7. Valve Controlled Hydraulic Actuator
In the figure, @ is system supply pressure, and £ is system return pres-
sure, For the purpose of the present discussion, £ is assumed to be zero and
R a constant,
Control of the actuator is accomﬁlished by simultaneously controlling the
volumetric flow to and from the two chambers adjacent to the two sides of the
piston head. The flow to the cylinder through an inlet orifice is given by

the basic relationship:

(11-6)  Q = Ca,/'zgfff.

(This éciuation can be readily derived from Bernoulli's equation, See, for
example, Vennard, J. K., Element Fluid Mechanics, John Wiley & Sons, New
York, 1940,) |
where

C 1is the orifice coefficient

" @ 1is the orifice area
w5 1is the specific weight of the fluid
Ap is the pressure dropvacross the orifice

g is the acceleration due to gravity

1122 _
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Assuning an essentially closed-center valve configuration, 1.e., negligible
leskage flow past the valve lands at a c@ntored valve position, the flow
relationship above also expresses the 'vblnmetric time rate of cylinder dis-

placement. Further, the pressure drop,4p , across the orifice becomes

_a simple function of the system pressure/” and the load induced pressure

R - (P=F -L) . Since the inlet orifice area is a direct function of

- the instantaneous system error £ (or valve displacement from neutral), it

follows that the effective flow tending to move the cylinder is a function

‘of the three va‘riables Just néined, i.e.,

Q=F(5 8, 4)
If it is assumed that the total flow Q consists of a steady flow Q" and
. . * . ,
a perturbation, ¢ , about this steady value: Q= Q+g ; then the perturbed
flow can be approximated as the first-order Taylor's series 'o:.:panaion of ¢
as a function of £, 2 , and B¢

N 0Q 0Q 9Q
(11-17) ¢=3¢%" VX * SR A

but since the system supply pressure has been paeumed constant:
(11-18) g =C. € - Gpa

vwhere, by definition,

(11-19) C = ‘g—i_— ; Cp, = — Dg
L

The perturbation flow rate g may also be thoﬁght of as the sum of two
components: ‘ .
- {1) An incompressible component, g, , which causes motion of the cyl-
inder relative to the pis’t.;n,., |
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(2) A compressible component, % » due to the compliance of the fluid éj)
within the cylinder; this éomponent causes no actuator motion,.

Therefore

g = 90 # % .(leakag‘eflow is assumed negligible)

where . ) . -
Do =ds Xo

- and is-that part of the flow which results in actuator motion;

.also
/

e
%~ N SR
and is that part of the flow through the nlire orifice which does not result
in actuator motion.

Therefore , o | (D

g = AsX, + A—/—sp‘ =GE - Gna

or

. | ,
(I1-20) Cc € = AsX, +(cp * %s)p,_

where
‘ A is the area of the actuator piston
’ 7’  1is the effective volume under compression ’
Xo is the actuator output position - -
y E is the system instanta.ne.ouis error

A is the load induced pressure

N is the bulk modulus of the fluid
All the variables above are perturbation quantities, The detailed treat-
ment of this part of the description is presented elsewhere in this volume, (‘)

=
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The foregoing makes no attempt to justify completely the v‘a.lidit’y of the state-
uents made, The reader is referred to Chapter III of this volume which treats
this subject in greater detail, Specifically, the reader will need to under-
stand what is meant by "the effective volume, 772" o

The conicept of load impedance is a.gain applied‘to coﬁpare this typo of
system with the positive displacement hydraulic trmmiuion..

By definition, |

Z - 2
g
Since
% = AsXy A= ZAsXy

Substituting this value of © into Equation (II-20) givess
S
(11-21) ' CcE = AsXy + Z‘Asxo(p"s * Cp)

Writing this expression in the form of the open loop transfer function
results in:

‘ Xofg)  Co !
(1T=22) 6(s) = =4

/| + 2, (-—A-/-s + Cp)
" This may now be compared with the equivalent expression for the positive
displacement, hydia.ulic transmission:

() R(s) = B L
lm S ] + z‘(—ﬁ-s + L)

The two expressions are identical in form, with the load dynamics iso-
lated in each case, However, some very important differences exist, In
(11-23), all the system parameters as given are constant and are fairly easy

to evaluate,
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These constants are:

' g’%/“—y system gain term
oy . .
% volume of oil under compression

L leakage factor (which gives rise to system damping)

However, in the case of the valve controlled actuator device, none of the
equivalent terms is a constant except over a very small operating range. Over
~  any appreciable operati:ng range, the problem is to assi@ reasonably accurate
average values to Cé:. » &, and T,. Actually in practice it is fairly easy

" to establish a fealis‘i:ic value for C.., For conservative design the value of
‘f,i‘or the piston at the midpoint of the stroke may be used sixice this is the
point of maximum hydraulic compliance, ‘

The most elusive parameter is the effective damping factor, Cp . No simple,
direct method of evaluating this quantity, short of actually testing an exist-
ing device, is known to be completely satisfactory at this writing.

The reason for presenting tohe positive displacement hydraulic transmission
and the valve controlled  actuator in the manner in which this was done was to
bring out the rather rema.rk#ble similarity of the two devices, Actual fre-
quency response tests carried out on eia’mples of the two types operating against
s;milar loading and at the same power level yield very similar results, This
is true in spite of the fact that in one case the system is linear throughout,

r and in the ot.her case the system is very definitely non-linear,

v
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CHAPTER III

ANALYSIS OF THE GENERALIZED HYDRAULIC SERVO ACTUATOR
SECTION 1 - INTRODUCTION

In this chapter, an analysis of the generalized hydraulic servo actuator

shown in Figure III-1 is presented.

Cable or Pushrod

Input Dampei-
- P
Input ressure Port
Input || , Coupling Valve Slide
7\ Spring
A ' { Sump Port
/ Tt ]////i/ill.&llw ’
= = - Cylinder
T : —_ e
Z Va.lvé ~ ! :\
D —_—
smper Piston QS T T
T
sdadedas

Operating Ports

Control Surface

Figure III-1, The Generalized Hydraulic Servo Actuatox

Since the input, or control member, is subject to only a portion of a

static load on the control surface, the mechanism shown in the figure is a
power boost actuator; that is, the hydraulic system provides only a portion of
the energy necessary to move the output, or controlled member, against the

imposed load. The rest of the necessary energy must be supplied by another

source at the control end of the actuator. In an aircraft application, this
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additional mechanism is either the human pilot or a flight controller servo-motor,

The energy requirements for actuating aircraft control surfaces have increased

steadily through the years, requiring the hydraulic system to proﬁde an ihcreas-

ing proportion of the energy supplied. The limiting type — ﬁhat in which the
control member is not subject to any appreciable static load — is called the
fully-powered actuator, and is of great importance at the present time. There
remains, however, considerable interest in the power boost type. The mechénism
of Figure III-1 has been selected so that the results of its analysis may be
specialized to describe the behavior of a large percentage of the hydraulic servo
actuators in current use. '

The slide valve in Figure III-1 is of the conventional four-port type and
is mounted integrally with the hydraulic cylinder. A more general actuator in
which the valve housing is mounted on a linkage rather than directly attached
to the cylinder would I'équire additional flexible tubing, and the follow-up
linkage would be likely to have considerable backlash. Because of these dis-

advantages, the more complicated system is of limited importance. The actuator
of Figure III-1 may be ‘régarded as typical of practice.

To accomplish its purpose of effectively duplicating input displacement in
output displacement regardless of load, a positional actuator must have one or
more feedback loops. The presence of the feedback makes an actuator a servo-—
mechanism and therefbre makes an investigation of its stability a critical part
of the analysis. The mechanism of Figure III-1 has more than one feedback loop,
but the principal feedback is due to the integral mounting 'ofv valve and cylinder.

The valve may in -general be one of the types broadly classified as "open
center," "closed center," and "open center —closed center"; tha;t‘ is, the valve

spool in a central positj.on may fall short of covering the operating ports
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leading to the cylinder, it may overlap tliese pOrts? or it may come very near
to covering the ports exactly. The range of operation of a.glide valve will in
general include a central region of open center type behavio: and adJaAco;nt.l |
regions of substaﬁtially closed center behavior, In the region of opeh' center
type behavior, the flow from an operating port to the cylinder, i.e., the flow

tending to move the cylinder, is the difference of two flows — that from the

pressure port past a valve spool land into the operating port and that from.

.the operating port past the valve spool land to the sump port.

A hydra‘.ulic servo actuator which includes a predominantly open cente;*)typ’e

valve is characterized by considerable position error when operating under load, — -
On the other hand, with an open center type valve, the fluid on each side -of
the cy‘lind_er'is ‘always under ‘compressiop , minimizing the entrainment of air and

the resultant reduction of oil rigidity. The "dead band" characteristic of a
coniplete'ly closed cente‘r type valve (one with overlap) is regarded as undesira-
ble, and n'nost present practice ig a compromise, utilizing valves wh:.ch are
essentially of the closed center .type, but which have a small central region
of open center type behavior,

The ana.lys_is'.to be presented will be applicable to both a region of closed

center type valve operation and a range of open center behavior, although the

result of its application in the latter case will be only a good approximation,

becoming,iess and less accurate as the range of opexi center behavior is made
more extensive, ‘
The mechanism under discussion is inherently nonlinear. Known mathemati-

cal techniques do not at present provide means for solving, in otheér than nuneri-

.cal form, the true nonlinear prob'Iem'. However, a Iineariged 'treatunt is suffi-

cient basis for designing to meet most requirements, and the following analysis
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is in terms of small increments, or "perturbations,” about an operating point

described by a fixsd set of values of independent variables.

The
1.
2,

3e

1.

. 2,
3.

4,
5¢

‘plan of attack is as follows:
.Derivation of flow equations of the hydraulic servo.
Derivation, under fairly general hypotheses, of the force and linkage

equations of the servo.

Combination of (1) and (2) to secure a literal description of over-all

servo behavior,

following assumptions govern the analysis: -

Linearity exists about operating points; i.e., the relationship between

any two variables may be regarded as proportional within a sufficiently
small range of values of the variables, '

A1l masses and dampings can be replaced by lumped parameters,

The valve is essentially symmetrical; i.e., the valve spool and"valve
housing may assume such a relative position that all areas open to
flow are approximately equal in magnitude and geometrically similar.,
Both valve spool and valve housing are rigid.

The valve is designed in such a way that the rate of change of momentum
of the fluid as it passes through the valve,is negligible,resulting in
the effective elimination of centering and decentering forces on the
valve; or, equivalently, the numerical values assigned to an input cou-

pling spring and a valve damper (see Figure III-1) are altered by the

~ proper amounts to account for the valve forces,

6.

7.

III-4

The fluid in the cylinder is always compressed to the extent that cawe
itation is negligible.
The piston is double-ended.
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8., Flows through ports connecting valve and cylinder are substantially
equivalent,

9. The cylinder is rigid; or, equivalently, allowance is made ‘for cylinder

B flexibility when considering oil compressibility. |

10, There is no leakage past the piston,

SECTION -2 ~ FLOW EQUATIONS OF THE ACTUATOR

(a) VALVE ERROR

Referring to Figure III-1l, it is evident that the flc;ws from operating
ports of the valve to the portions of the cyiiﬁder separated by the p:ft.ston are |
primarily dependent on the position of the valve re]:ative to its héus’iné. It

is desirable to introduce a variable to represent this relative position. In

~ the following, this variable is called the "valve errori" Since both the valve

spool and valve housing are assumed rigid, no deflections of these. -structﬁres
need enter the definition of valve error,

If X, is the displacement of an arbitrary. point of the valve spool, and
if X, is displacement of an arbitrary point of the cylinder, both measured
from a point on a fixed structure, a valve error £ is defined as to form by
the relationship £ = X,,‘.Xo. It remains only to choose a relative position of"
valve an& cylinder which will be associated with a zero value of the error. A
convenient choice for this pui'pose is usually the relative position which would
be détermined in test by capping the two operating ports with pressure gages,
making supply and sump connections » and moving the_valve spool relative to the
housing until the operating port pressureﬁ match, For a Ysymmetrical valve, a
relative position determined in this way ﬁll be‘ one qu Qh.ich a;l areas open

to flow between valve and cylinder are equal in mggnitude and geometrically
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similar, and for which the common value of operating port pressures is one-half
the sum of supply énd sump pressures,
Let the perturbations of X,., X, , and £ be x, , X, , and £ ,. respectively;

then the error perturbation is given by

(I11-1)° €= %, - %,

Supply
Pressure

Valve Slide

—~= Pg
Sump Pressure

~—_ Cylinder

A "p\
Piston

Figure III-2. Flow, Pressure, and Displacement Definitions

| (b) FLOW FROM THE VALVE

£ Figure (III~2) shows flows (), and Q, , from operating ports into the cyl-
inder. The flow Q, is of necessity a function of the supply pressure lﬁ P the
sump pressure ;3 , the valve error £ , and the pressure £ in the cylin&er vol-
ume on the right side of the piston. Similarly, Q, is a function of B
R 5 £ , and the pressure £ in the cylinder volume to the left of the piston.
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If the range of open center type operation of the valve is not extensive, there

will be little interaction between the hydraulic actuator and either the supply .

or the sump systems; for this reason / and /2 are regarded as constants in
the following analysis. This leaves Q, and Qz as functions of two §ariab1ea:
Q, is deternined by £ and £ ; and Q, , by 2 and £.

To construct a _Simple , practical analysis of the actuator, it is desirable

to redué_e the number of quantities on which the flows depend, In particular it

| is preferable to restrict the analysis so as to permit the use of a single vol=-

umetric flow variable Q instead of the two flows Q, and Q,, and also a sin-
gle load induced pressure variable £ instead of the two pressures '/~ and /23.
The first requirement is met by restricting the mathematical model of the actu=-

ator so that the flows Q) a.nd Q, are equal in magnitudes:

(I11-2)  Q:=-Q, =Q

For the elimination of one of the pressure variables, the variable- 2 is

defined as the pressure differential across the piston:
(I11-3) P =R-E

A rigorous correlation on the basis of the expressions (III-2) and (III-3)
is not possible in general, and it is a -matter for inquiry to determine what

limitations the use of these expressions places on the actuator analysis, These

limitations will now be illustrated for the case of a completely symmetrical valve,

i.e.; a valve in which all areas open to flow between valve and cylinder are equal
in magnitude and geometrically similar at zero valve error.

The fuhctional dependence of the flow on relevant parameters is obtained by
use of the fundamental oriﬁce equation for substantially incompressible flow:

m-) Q= ca /2288
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from which, using the definition (III-3),

*
() o =B "“f) * R
and
"
gy g BrEIE
Y
1

Figure III-3. General Form of the Error Coefficient of
Flow Through a Single Orifice
If (III-2) is assumed valid, and the 'error is large enough in a positive sense
8o that (-£) is effectively zero, (III-7) is ébtained, and (I11-8) and (III-9)
follow., Again, 1f the error is large enough in a negative sense so that % ([/
is effectively zero, (III-7), (III-8), (111-9) again apply.

From the above remarks, it appears that if (III-2) is valid and the valve
is symmetrical, a correlation in /2 , rather than in / and 2 , is possible
in regions of closed center type valve operation and also in that part of the
open center range of valve error where Q=0 , It may be shown that for inter-
vening ranges of valve error a correlation in /2 alone is not possible, but

that an analysis on the basis of (III-2) and (III-3) will yield an excellent
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approximation when the region of open center type operation is not extensive,
fhe single flow equation for the case of the symmetrical valve is obtained
from (III-2), (III-5), (III-6), (III-8), and (III-9):

(I11-10) Q = ﬂé](@ 2% - JZ/_E/[(@ 2l

For a valve having a marked degree of asymmetry of behavior, a correlation
in £ becomes dubious, This is the motivation for Assumption 3 given in the
introduction to this chapter.

All of the following analysis assumes the approximate validity of a corre-
lation . of flow behavior in terms of a single flow Q and the pressure difference

Z + An equation in perturbed quantities may then be written as:

) 2Q
$ =3¢ " 2R 7

(I11-11)

Figure III-4 shows typical va;riations of net flow &) with pressure differ-
ential 2 , valve error £ being held constant; and of Q with £ , /7 being

held constant.

f | | ' P_= Constant -
:N E=Constant . T P=0-—
. . .
I ¢ jl— d— 'L—: -
— T\l T

E=0 : ';;ll -PL | e
] L ] i g
l ﬁ R— J i [ ELJ E =
- — | Region of

L-"(Ph ..p \ /&z (pﬁ - P: ) , g;:: g;g::zion

(a) Variation of Net Flow from Valve to (b) Variation of Net Flow from Valve
Cylinder with Pressure Differential to Cylinder with Valve Error ‘
Across the Piston

Figure III-4. Typical Variations of Net Flow
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The figure also shows a typical operating point, the fixed values of the vari-

* | and indicates possible

ables defining thé operating point being Q*, e* s R
values of the perturbed quantities. The partial derivatives in (III-11) are
the slopes of the curves evaluated at the operating point,

In Figure III-4, note that QQ/ JE  is always positive and that 9Q / IR
is always negative. It will be advantageous in the development that follows to

make the normal signs of these quantities apparent; that is

(1I11-12) g = C.€ - Cpp,

where
. 29
Ce = 3%
_2Q
Cp = Y

The term C}D is analogous to the slope of the torque-speed curve of a shunt
motor and gives rise to a similar damping action. The term (. is analogous to
the slope of the speed-field current curve of a shunt motor and produces a similar
gain term in the over-all system,

Co varies from a very small positive value to infinity as a function of
£ . and £ , the very small positive value occurring when the valve error is zero
and no pressure differential exists across the piston, and the infinite value

occurs at a stalled cylinder condition.

(¢) FLOW INTO THE CYLINDER

It now becomes nec'eesary to relate the flow from the valve to cylinder |
motion, piston motion s and pressure differential across the piston. In devel-
oping the equations for cylinder flow, the compressibility of the fluid Will

be taken into account,

CONFIDENTIAL III-11
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The total mass of fluid to one side of the piston at any time ¢ is

(III-13)  m =7
where
7 is the volume ‘occupied by the fluid mass
/0 is the fluid density at the time 7, assumed independent of position
within the volume -

and the volumetric flow corresponding to this mass flow rate is

ldm _dv . vdo
(M) Q=T3¢ “d¢ ' odt

The compressibility of the fluid is characterized by the expression

dpP - - aP
(111-16) N Yd 7 \me=consteont ~ 7° do

where
N is the bulk modulus of the fluid
0 is the fluid density |
P is the fluid pressure

By inserting this relation into (III-15):

dT+7’dP

(111-17) “dt T Nd:t

(III-17) applies to each of the regions of the cylinder separated by the
piston (see Figure III-2),

a4y |, ¥ dR
+
4t ' N dt

II1-12 ‘CONFIDENTIAL
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d% , % % df

(-19) Q= o7 Nz e

If it is assumed that the instantaneous flow into one side of the cylinder
is equal to the instantaneous flow out of the other side, i.e., Q"-'—QZE Q,

and if it is further assumed that the bulk modulus N is constant, and the same
magnitude for both regions, (III-18) and (III-19) become:

o d7 . ¥ dP d% . % dP)
- =2 L4 el 2 2 a2
(I1-20) Q=57 "Nt (dt +N2dt
Since
dy _ _d%
dt - d¢
it follows that
wy oy EE 2R
(1'1.:1"-‘21)' L riiai

Addition of the quantity(7 dP/dt) to both sides of (III-21) givess

(p - __% df
Yty dt

ar . %

(I11-22) a2t 7

4
% dt

where o
P =P-K, the 'pressure differential across the piston
Further , the time rate of change of the volume on the high pressure side

of the cylinder is .

dy;

- d
(111-23) 7 A7 (X, X, )

where ‘
.XO is the cylinder displacement relative to structure
Xp is the piston displacement relative to structure (non-rigid piston)
A 1is tﬁe cyﬁn@or area ‘
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By substituting the values of dR/dt and d7/dt from (III-22) and (III~23) dnto

(I1I-20):

| _ . a 7% )__
(111-24) Q —AAdt (X X;o) N()/( Yz dt

or
7' dp
(III- +
(I11-25) Q= A— (Xo x,,) N dt
whére
= B2 o effective oil volume

LA A
It should be pointed out that this analysis is strictly applicable only

when 7= %, or when the ports are blocked, since these are the only conditions
where db,’/d‘t=-d25/d ? o However, the equation will represent an excellent
approximation for any valve and cylinde'r"where the flow through the valve p<'>rts,
due to compressibility is negligible, i.e. » for any system where the valve
decouples the effects of flow 'in the lines from flow into and out of the cylin-
der,

(III-25) is written in terms of total quantities » i.e., operating point
values plus perturbations, The similar relation in terms of perturbed quanti-
ties is of the fom:

| ’ ' . *
(I1-26) g = 24l z0) (7”0 57') dp +‘A§‘7>jf av’

dt A N dt
: /7 ¥ ‘ »
vhere g , X, , Xp, 5, , and A7 are perturbations, and 7 and (dR /dt)
are values at the operating point.

The nonlinear term (A ny)/d,q /dt) is of higher order and may be ignored
in a linear analysis. It is further assumed that (P /d i)"F is relatively small

* The physical representation of a column of oil as a spritig also involves
this same effective oil volume,

III-14 | CONFIDENTIAL
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enough so that ‘the term(I/NNd£/d¢)* A7’ can be neglected. With these sim-

plifications, the flow equation in perturbed quantities becomes:

.- N - ,* .
() ¢ - A d(x.-%p) ¥ dp

dt N dt
or, by designating & as the derivative operator, (d /dt) .
77"
(I11-28) g = AS(‘/!O - ?(p) 4 7\/— S 2z

To facilitate combining the flow and force equations, it is helpful to
* r*
rewrite the coefficient 7 /N in a more usable form, Since 7~ is a volume,
r¥

and NV a bulk modulus, it may readily be verified that the quantity? /M has
the dimensions of an area squared over lb/in., that is, of an area squared over
a linear spring constant, The relevant area in this case is the net piston
area, A . If the equivalent spring constant is represented by the symbol 4, ,
(III-28) may then be rewritten as:

2

A
(111-29) 2 = As(x, - xp) + Tos'q
. 2
AN
where ko =" 7*

Thus the effect of compressibility of the oil appears as an equivalent spring
rate,

By eliminating the perturbed flow g from (III-12) and (III-29) there
results:

_ A’
(111-30) C.€E = Ag(xo- 7(,,) + [—7{:5 + C,,] oA
This equation and the definition of the valve error, (III-1), are the basic
relationships employed in the analygis which follows,
For the sake of simplicity, the preceding derivation of flow relationships

has been limited in such a way that it rigorously applies only to an actuator
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with a symmetrical, closed center valve, with ;qual volumes on eacl side of the. |
cylinder, and with equal net areds on each side of the piston which operates
through small displacements. The a.nalys:.s is relatively insensitive to deviations
from these conditions, however; and it scope of applicability is qulte wide.,

It should be mentioned that there are systems for which the analysis as
presented here is not a sufficiently accurate description to permit useful appli-
.cation, The following are examples of conditions under which this stétemeﬁt
may be true.' If the valve is definitely an open center type s it is possible to
have interaction between the actuator, and the tubing and pressure regulators
of the supply system. Even if this interaction is taken into consideration for
an open center valve, the analysis as given may lead to insufficiently accurate
results because of the pronounced effect of neutral leakage. Space considerations
sometimes demand that the piston have no blind rod or that the volumes on each
side of the piston be markedly different for other reasons, There are some
hydraul:.c fluids in use which display a constancy of bulk modulus only at fairly
high pressures. The higher operating pressures can be obtained by purposely
designing the valve to be asymmetrical. It is also possible to compensate for
unequal net areas on the two sides of the piston or for preload (paired actuators)
by designing the valve to be asymmetrical. In the case of unequal volumes.on
either side of the piston, this cannot be done, however, With any of the devi-:
ations from complete synmétr:,r mentioneci, non~linear beha.vior’lis accentuatéd;‘
this leads to chopped and offset waves in the frequency response. In almost any
case, it is possible to extract a linearized solution which predicté critical
frequencies a.nd stability, usmg in general a complete double set of parameters
Co, Cgy /\:, A This section has provided the initial basis for such a gener—
alized development; however, it has not been carried throﬁgh because of the
specialized nature of its applic#tion.' The analysis as presented is adéqugte

for most design,
III=16 -~ CONFIDENTIAL
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SECTION 3 - FORCE AND LINKAGE EQUATIONS OF THE ACTUATOR

(a) DISTRIBUTION OF PARAMETERS . .

In the development of the aétuator analysis, it is convenient to regard
the hydraulic servo actuator as being terminated by two linear springs, A; and
kc, « Linear motions of the ends of these springs represent inputs to the servo,
Similarly, forces collinear with these motions are inputs, However, there must
be an over-all dynamic balance of the forces acting on the system, so that one
of them is not independent, and the 1inea;ized servo behavior may be described
in terms of only thre; variables, One of the three variables must be a force,
or convertible to a force. With these remarks in mind, the force and linkage
relationships of the servo are assumed to be those implied by the schematic in

Figure III-5, A comparison with Figure III-1 is suggested.

g o w
F ky M | B
I Me L__-_‘Ij_‘E
y i\
A

m :

P
Figure III-5, Identification of Lumped Parameters
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The vertical rod of length /77 is assumed to be rigids The mass M , at
the free end of the vertical rod, is a lumped equivalent of the mass of this
rod, of the slide valve, of part of the piston rod, and ""Sf"pa‘rt of the cable or

pushrod between the controlling element and the actuator, BL is a viscous damp-

ing coefficient; it fepresents the effect of the damping in that part of the

gystem associated with M; , die to velocity relative to the fixed structure.
‘The magnitude /7 does not enter explicitly into ‘thé actuator equations;
hence the radii from the fixed point of the verti¢al rod to the pivot points of
actuator and valve are designated as the products of m by.the dimensionless
ratios 4 and g . The small error introduced by the fact “that the motions of
these pivo‘l?‘ points are angular rather than linear is neglected.
B, is a damping coefficient representing the effect of relative velocity

between valve slide and cylinder, /% is the ‘eq_ﬁivaient mass of the piston, and |

.Mc the equivalent cylinder mass. Bc' is a damping coefficient fepresenting the

effect of relative velocity between piston and cyli‘nde_r. ‘ _

A force Ap, on the piston and cylinder acts as shown in the diagram.

As a matter of terminology, points at which displacements such as x; and
Xg are measured will bé called "nodes.," The appropriateness of this terminol-
ogy may be better appreciatgd after considering the mechanical network diaérame,
or "nodal diagrams," used later in this chépﬁer -and throughout the remeinder of
the irolume. For a more complete discussion of such diagrams, M., F. Gardner and

J. L. Barnes, Transients in Linear Systems (John Wiley & -Sons, N.Y., 1942), may

be consulted.

The nodes X; and xg; may be chosen 80 as to facilitate arixalysis of a larger
system of which the servo actuator is only a parts It is to be noted that the
selection of these nodes determlines what are to be considered the coupling
springs A; and k'é + If numerical results of the hydra.ulic servo analysis are
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to be supplied to another group, to be used in further, more comprehensive ana~
lyses, these nodes and consequently the springs should be definitely identified
in the physical system; doing this imposes no restriction on the way in which
adjacent sub-systems are analyzed. If, on the other hand, a wholly literal analy-
sis of a more comprehensive system is to be performed, X; and X, may wéll be
chosen at the terminal nodes of adjacent sub-systems.

In general, it will be necessary to increase the values of the quantities
My , B; , and M, indicated in the preceding discussion to take into account
distributéd masses and dampings in coupling members.

The forces F¢ and F; each arise from inertias, dampings, and gpplied

external forces associated with one or more degrees of freedom of an adjacent

.system,

(b) FORCE AND LINKAGE EQUATIONS
The equations of the force system of Figure III-5 are obtained by writing

. out the expressions for force and moment balances in a straightforward way;

only the results are given here:

(II1-31) A +hx, = kX
(111-32) £ + k: %, =k x;

(I11-33) (M. s"+ B.s + /(,)xo.—Bcs%P—(B,,s +h)E - Ap = Kk x4
(III-BA) M,s*+ B.s + ko) Xp = B.S %o = ko bx, + Aj = O

(111-35) (M °* Bs + k; + b’A«,) ﬁm-bk,xp + @(B,s *+ kg )E = k;=x;

(I11-36) x, = a=x,

‘ CONFIDENTIAL ' 11I-19
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SECTION 4 -ACOMBINATION OF FLOW, FORCE, AND LINKAGE E’QUATIONS‘ |

“ o

(a) SIMPLIFICATION OF THE EQUATIONS
A1l of the equations defining behavior of the hydraulic servo actuator have

now been derived: (III-1) defining the valve error, (III-30) describing flow

behavior, and (III-31) through (III-36) expressing force and linkage -relation-

ships. In all, there are eight equations with ten va;iables'/‘; sFe s Ko s Xp s

v s Xs 3 X;y B, and € . All these equations are linear with coeffi~

‘cients ‘which are algebraic functions of the derivative operator S . The over=-all

servo behavior can then be described by a single literal equation involving only
three variables., When the equations are written in determinantal form, the coef-
ficients in 9 may be manipulated in the same way as constants. However, if the
equations are treated in the present form, the geometrical factors and flow coef-
ficients make the reduction difficult. -If the equations are changed to a form
which can be eaéily‘ expressed in a nodal diagram (mechanical-network diagram),
the reduction is greatly facilitated.

An important simplification in the force and linkage'equations (III-31)
through (III-36) can be effected by relating the effects of masses, damperé » and
springs acting at a radius o< , to those o;‘ equivalent quantiisies acting at |
some other radius ## ; for example, the equivalent mass, M’, acting -at a radius
[Bm is equivalent to the original mass, M , at a radius o(m'multip}ied by
«2//92 5 dees, M'= M(: Qz/ﬂz). This simplification also applies to 1;he B )s‘ and
A's , On the other hand, the displacement %’ at a radius ,gm equivalent to 2
at <m is Bafec . A

The force and linkage equations (III-31) througl'; (111-36) may then be sim-

plified by the substitutions:

Xmr = b?(,,, ’ Aep = b?(“ ‘
- M B; K
M = ?;' ’ B = ‘Z% ’ kip E= _z%
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Also, the node x, is easily eliminated by combining Equations (1I11~1) and

(I11-36). With these simplifications the set of equations (IIT-31) through

(111-36) take the simpler forms:

(I11-37) £ * k&, = KX

A
(I11-38) F * kip X = Kip Xip : - : ' : o

(T11-39)  (M.s® * Bs+ A)x, -Bsxy—(Bys +k)E - Ap, = k.xy
P (] ( c e

(I11-40)  (Mps®* Bs * kp)a, ~ B.ox, = kp2,. + Ap, = O
(III-41) (’Vt/' s’ Bips t kir-* kP)xmr ~hpXn * %(qu * *e)e = Kip %ip
(111-42) € '-% Zmp = %o

The flow equation (III-30) may be rewritten as:

2

A0k (£

(1I-43)  Ap, = — [(L),+k]

It may be readily checked that ACe / C,. has the dimensions of a spring constant

: ) . :
(1b/in.) and that A /Cp has those of a viscous damping coefficient., These
equivalent parameters of a force system are designated in the following as k,
and B, ', respectively, Equation (III-hB) then becomes: '

(III-44) (B,—s * k )(—&)-f B,s(x, x,) ke & = O

here |
3
ke = ASG = ASE

CONFIDENTIAL III-2
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The nature of the "flow damping" B, can be seen by rotating Figure III-h,a
through 90° clockwise. The "flow spring constant® A,  is the slope gf the cross-
plot shown in Figure III-6,

R}
P.= (Pf —P} ) ~- Q=0 /" ‘Q=Constant - -
3 E—
B=—(Pp —Pg )
l' : — Region of Open Center
- "~ Type Operation

' Figure III-6. Variation of Pressure Differential Across the Piston
' _ with Valve Error

The definition of the pa:rameters /r and 5, ’ expressing flow relation-
ships, implies the presence of a physical]y important node associated with them.
This node is located somewhere within the body of oil-_in‘the cylinder and can
thus never be experimentally observed, but it is important in speeding the reduc-

tion of the actuator equations, The node X, is defined by the relationship:

(III-45) =, = ’2”‘ + x,

(-]
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With the introduction of x, , (III-44) becon;ea:
(I1I-46) (B,s + Ko)&K = Brs xp — k%, — kKE =0
The force Ap, is then given by:

(I1I-47) -~ Ap, = k(%= x,) = Brs(xp - x) + k€

%o |

—
4 B ?

xe |

Ko , o
Be (#tkf_e . \ | | |
xp.‘$ . 4 1 ' | “

-Figure III-7. Partial Nodal Diagram Expressing Flow Relationships

[

'~ The partial nodal diagram shown in Figure III-7 may be constructed from
Equation (III-46). The only node.completely described by this diagram is the
node %, This form may be used directly to express the flow behavior iri'espec-
tive of linkage configuration. It is interesting to note that if 2, 1s zero,

X, and 7z, are equivalent, The displacement x, may then be considered as the

gram is of particular use in the physical interpretation of the actuator.as a
force source driving ‘7c° through a spring 4, . All of the parameters 4 , 5, ,

" and A;- have physical valuqs vhich can be measured by test.

The incorporation of (III-46) and (III-47) into the set (III-37) through ‘/
(III-41) results in the followirigs - | i
(I1I1-48) A * A% = k. %g | i
£
b

(T11-49) t ki Rmp = K K
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(1II1-50) (Mcsz;Bcs *h Fh R, = Bos Ky = koK = (B, S+ h)E = K Ry
(1-51) | Wos'+ (87 Bl + Ko ~Asn,~Bosa - hopp t £ E = O
(111-52)  (Me.s®+ 5‘-,3'+ kir * Ko ) X = hp Py + %(Bys * he)E = Kippn
(111-53) (8.5 * ko)X, = Besmg ~ k%, =~ k& = O

Equations (III-50) through (III-53) are now all nodal in form (see Figure
III-8), and the reduction is greatly expedited. The only force sources are in

the valve error or its time derivative, where the valve error is déi‘ined;

(111-54) € - %z,,,,. + x, =O.

(b) REDUCTION OF THE EQUATIONS
The analysis presented in the following chapters depends on the reduction

of the controlling‘equations of the actuator in such a manner as to isolate four

relationships:
. /:;' = !/ (7(; s X )
Ft’ = ! z(xs ’ xi)
(I11-55) |

% = Is(é ’ 7‘3)

& = Lk, %y %)

The first three of the functional forms given above are unique. The fourth
l;orm will be determined in such manner as to facilitate physical interpretation
of the results, |

The determinant of the coefficients on the left of (III-50) through (III-54)

is:
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Solving (III-50) through (III-54) for %, and Xme s @ach in terms of X,
and x;. , and substituting in (III-48) and (III-49), )

= horg (Ba=keA,) = kip xip (k.Ag)
4,

(I11-56) 4

k",. X/ip (AA - k[,-A.u)- kc Xs (kirAls)
7 ,

. A

/.;,
IIl- —_—
(I11-57) 5

where A‘y is the (signed) minor of the element in row ¢ and column 7 of the
systen:x deteminant‘, and AA is the determinant itself. For purposes of dis-
cussion, it is convenient to havg the above equations expressed in terms of
operators which reduce to unity, or a good approximation thereof, when s
equals zero. This is accomplished by dividing nuﬁef#tor and dencminatc;r of
each equation by the product of major actuator springs K, Ap A.A:. ks » Ke
being omitted because it is small in comparisoh with 'k, . The equations may

now be rewritten:

(111-58)

;5'; 9 X " g, (@)

. 967
(m-s9) 5

where
(a )
/ / / b / / ab
ke ke ke ip ke ke K
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(B)a)

92 ) ko kP/& i
b
) ( ‘a")(AA "/‘f'/'r"a:)
B K ke ko ke
- . A/3
YT Koka
9s _ A,

Té— T k° kp kelkf k"r

9 s Gp s .93 s 9 o and g,-. é.re po;ynomipals in g, which reduce to un,ity
when § qqﬁag.s zero if the input coupling spring A, is much smaller than the
flow spring kf . ‘ _ o

One addifional operator of some use in later work may be derived f;-bm the

system determinant. Equation (III-56) may be written in the form:

ey A )
(I11-60) A = | ke = ko k;kzrk.« - Xy - .lq,- 28‘-7(;
5 —
( kt) kt)

An expression equivalent to this is

k
- 9 . 1/
(113-61) 4 = |k -(.al.:,('-.ﬁ.@_&.). ,

G
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’ where .
a
|l | b ‘I ab
— T e—t ——— = — P ———
l ke Kk ke Kk Kk
g = ' A// Kei
g kokP kirk,r

; " and gs 1is lan_ expression in § which reduces ,app;oximately to unity wh'en_ S
equals zero., The third required relationship of ‘(III-55) is derived by taking
the det;erminant of the system of equations consisting of (III=50), (II;I-5-1)'
with the node 'x,,,,_e.liminat,ed by use of (III-5h), and (III-53):

i %sl.*3;5+/r°#kc, SBcg o - _ "ko‘
| | |
,i @ - (45' * ‘:— ";-)‘  Mpst (Bt B3+ kp -8, s
-4, -85 - Bst k|

. The solution' to this system of equations is given by:

b .
(B.s* k¢)B, + (k{ 3 kP)Bﬂ + K, By 8. 1
! (111-62) =%, = ko ke 4p. B B TS

B
t o LKy Ko K )

where 'A’ is the determinant of this system and the B‘y its minors, as before.
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The fourth functional form in (III-55) remains to be determined. If (VIII-5O),
(II1-51), and (III~-53) are added, there results:

(111-63) (B3 * k )E + My s* %y, - (M s*+ k,,)/icm,. - x,) = k. xg —(M. s?* k)%,

The determinant of the system of equations (III-52), (I1I-54), and ,(III-?63) is:

%(Bi”_+ k) Mps®+ Bips * kir  he
. a ‘ .
/ | | 2 o

By soiving these three equations for £:

T4, i
| 8 " |lan,) - | M+ K)Cu=Car |, , | & | bk s

(T1I-64) € [ A ]
kP kt'r

In expanding the determinants of this chapter it is worthwhile to exploit
~ certain—generally applicable relations between the parameters. Since the equiv-
alent flow damping 8, is inversely proportional to the valve flow coefficient
Cs , which remains quite smé.ll, B, is always large in comparison with 4. , 5B,
and £, . Also, the input coupling spring 4. will always be negligible in com-
parison with the flow spring 4, .
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t’ B, >’v5e

ke >> k

The desired relations of (III-55) are now established.

The equations derived in this chapter are very general. In Chapter IV,

these equations are restricted by imposing the load of an aircraft control

surface on the hydr;ulic control system. Chapters V and VI consider t:wo bpeci-

fic types of hydraulic surface actuator systems.
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CHAPTER IV
A GENERALIZED HYDRAULIC CONTROL SYSTEM
SECTION 1 - SIMPLIFIED CONTROL SURFACE CHARACTERISTICS

A general analysis of control surface behavior is outside the scope of this

volume, since this would require that the reader have a rather comprehensive

knowledge of aeroelasticity in order to understand the complex interaction possi-

ble between non-rigid parent and control surfaces,

. It is usually possible to represent control surface behavior fairly\accu—
rately by including with the actuator analysis a mass M, and & coefficient of
viscous damping 4B . These control surface parameters are referred to the line
of action of the actuator cylinder, The control surface, regarded as a flexible

structure, has some effective spring constant'which expresses the flexibility

between its effective mass center and the surface horn. The coupling spring ke

of the actuator analysis is conveniently taken as including this surface flexi~-
bility. The displacement x, then becomes a node at the effective mass center

of the surface, The nodal diagram is shown in Figure IV-1.

Xg " Effective Surface
Displacement

Surface-Cylinder
Coupling Spring

ke

NN/

Summation of
Surface|ly | Surface | L F T Acrodynamic
Mass -D’ Damping =/ B QD gndplmil.nl:igl‘
ou orces

Cylinder ‘
Displacement X0

77777 77T 777777777

Figure IV-1. Nodal Diagram of Control Surface
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| The .force f of Fiéure Iv-1 is a quantity which is predominantly the aero-
dynamic moment acting on the controlv surface, referred to the line of action of
the cylinder; however, this variable may also include terms expressing a coupling
between multiple modes of vibration of control and parent surfaces. The equation

corresponding to Figure IV-l is
(Iv-1) M,s" + B,s + k)xg - kax, = F

An equivalent relationship in terms of the force £, existing in the coupling

spring A, is secured by use of Equation (I1I-48).
(IV_-Z)“ (Mys® + £,5)ng + /;' = F

It must be remembered here that the spring constant A, is understood to include
surface flexibility,

SECTION 2 - A GENERALIZED HYDRAULIC CONTROL SYSTEM
It is now proposed to cénaider the system composed of the hydraulic servo
actuator of Figure III-8 and the simplified control surface of Figure IV-l. The
final equatione of Chapter IIT will be sc combined with (IV-1) and (IV-2) as to
 permit investigation of the behavior of the system as & component, and also of
the interaction t;hrough forces between the surface-actuator system and adjacent

systems. The results of the combination will be a set of five relationships:
F=2(x, , %)
f=Z(x;, F)
Iv-3) xo= Zy(%; 5 F)

%= Z,(E , F)

&= Z,(%; 5 %o 4 F)

Iv-2 ' CONFIDENTIAL
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The first relationship of (IV=3) is of use in the investigation of a gen—
eral flutter problem in which theré is interaction between the control system as
a servo and the aeroelastic behavior of control surface and parent surface., Part
II of this vdlume is concerned with the statement of the flutter problem where
there may be interaction with servos of the aircraft control chain. The rela-
tionship for £ in terms of x, and x, will be expressed in three ways, each
of which has some useful application to servo-flutter coupling interaction,

If the behavior of a system at the input end of the actuator is markedly
affected by the force exerted on it by the actuator, there is force coupling,
as well as displacement coupling, at the input end of the hydraulic controi sys-
tem. In this case it is necessary to use the second relationship of (IV-3),

The third, fourth, and fifth felationships of (IV-3) represent the behav-
ior of the hydraulic control system as a positional servo. The over-all, or
closed-loop behavior is given by x, (which for convenience of comparison with
test results is taken #s the output of the system) in 't’ems of X;, the displace-
ment input to the system, and F , the disturbing force. The fourth and fifth
expressions of (IV-3) are functional forms of greater utility in the analysis
than ¢losed-loop expressions. Isolation of the critical variable £ , which is
the valve error, gives rise to an open-loop transfer function when the disturbe
ing force F can be regarded as negligible,

The relationships of Chapter III which' can be combined with (IV-1) and
(IV-2) to determine the first three relationships of (IV-3) are (III-58),
(III-59), and (III-61)., They are repeated here for convenience:

g, Xs = G lan;)

S

(%)

(IV=) &=

CONHPINTlM . Iv-3
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\
@ - 2% a J
b .

(v-6) K = |k, -

where
i,
-/-—- = _, + _/_. + _.b_. = L L .‘9_3
ke Ke kf Kip k kf k
2 ()

and g, G » Ty s G » g, are polynomials in S , each of which reduces to unity
when S equals zero, if the input coupling spring k is much smaller than the
flow spring rate A, . By elimination of /. between (IV-2) and (IV-A),

. ]xs - ——ge(ax.z) < , )

w7 v~ :

(- F o= [(M,s'*ﬂ,s) ;

)|
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By elimination of £ between (IV-2) and (IV-6),

A, )
(kfz Je _ s laxg) B

RN

(Iv-8) F = |(Mys®+ Bys + k)~

By rearrangement of (IV-7),

[, * (M5 B,s)(Z:)]

(%

By elimination of x, between (IV-5) and (IV-9)

(IV=9) ] F =

b [/‘e (9, 93% =92 9) + (M, 5%+ B, 5)93](37%) — bg, F

[9, + (Mys*+ By s)(%:-)]

By elimination of «x, between (IV-1) and (IV-9),

Mg By +(*ﬂ'9.f_ Kei 9/) F
9‘(& = kc“’)(a"’ ke ke ) R

o e aofz]

It is of interest at this point to examine the forms assumed by (IV-9) and

(V=100 £ =

(Iv-11) x, =

. (IV~11) when s is equal to zero:

= (ax;) + £

(Iv"m) xﬂ | S= O kf
L

CONFIDENTIAL =5




Section-2° - CONFIDENTIAL

= (an;) + £

(Iv-9a) %

e ls =0
It can be seen from (IV-1la) that if the force f can be neglected, the con-
trol system is a servo with no steady-state i)osition errory i.e., it has a single
~ integration in the open-lqop transfer function, The output displacement =%,
attempts to follow the input displacement referred to the line of action of the
valve slide, With £ left undetermined, there is a position error determined by
the spring 4, from the input node x; to the output node %,. The spring A,
is the series combination of the flow spring A, and a modified input spring
k; /86 . If the power boost ratio //b. is infinite, the spring A;; becomes A, .
It is important to note that the servo action determines the steady-state behav-
ior, a.ﬁd k» and £, are not involved, Equation (IV-9a) shows that in the steady
state %,, which is the displacement of the effective mass center of the control
surface, behaves somewhat as the cylinder displacement X, , except that the
effective spring determining position error is now K. , the series combination
of 4, and k, . The position error due to a static force £ is of course
greater at %, than at x«, ., _
The fourth expression of (IV-3) is obtained by combining Equations (III-50),
(III-51) with the node x,,. eliminated by use of (III-54), (III-53), and (IV-1),
The determinant is

M.s®+Rs+ k, + k- -gs | -k | - kg
-85 -%k,, Mps'+(B+ B.)s * ko -85 | 0
-k iBs Bs + ko 0
- k. ‘ 7 0  Ms'+Bstk
-6 - '
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The solution may be written:

(IV-12) %, =

EE + RF

'l

where
: b
[(Bus' + /(e)oc“ + (kf '-';kp)ccz, + k;o:.',, ]
ke ko o K E
)2= [kf A“P‘c.]‘
LK Ko k,, K
s
Kellk, Kp K, .
% = =F Do = | ‘
[kf ko kP.kc] )

The fifth and last expression of (IV-3) is obtained by using (III-52),

(III-54), (III-63), and (IV-l)., The determinant is

a
E(B,,s + ke)

~(8,s * k)

' 2
Mps't Bs + ki,
-2
b
' 2
M, s

0

ks : 0
'(Mp”" k») = ke
o M,s"+ 4:* ke
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' The solution may be expressed in the form:

(v-13) € = %o [z, (ox;) = =, + %, F]

where
Y = — e "kP kC &[’ . o
i [/fz * a(a-b)ke] Do -
ke - ala-b)
¢ kp ke [kir + "Lb_z'— “c]
b
.5_'6”
Y. = ke de
€ [(Mc"’z * A )Gy — Ot /Q-ﬁw]
oea ] vkﬂ:.kcf/([r ' .
b
[a b] 3 i
%r = Li L kp ke
. Ner [(AJCS'* k. )Gy, -/3".7‘ ,/“"63']
v kpke Kip

O

ES

Equations (IV-12) and (IV~13) are the basis for the block diagram shown in

Figure IV-2,

The quantity F of (IV-1l), (IV-12), and (IV-13) in general includes terms

which express a coupling between multiple modes of vibration of control surface

and parent surface. If the magnitudes of these coupling terms are the same as,

w-e 0 CONPDENTIAL
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or less than, that of the true aerodynamic force, the total F composed of
aerodynamic force and coupling terms can usually be neglected without seyerely
affecting the system analysis. If the coupling terms are large, however, the
system analysis is incomplete, and the results of the actuator analysis must

be combined with a more sophisticated formulation of the characteristics of

control surface behavior. Such difficulties are often associated with uncon-

ventional control surface design, such as all-movable surfaces.

MH
.
V‘y

vy
-l

Figure IV¢2. Block Diagram of the Generalized Hydraulic Control System

If the force / is considered negligible in Figure IV-2, the open-loop

transfer function of the positional servo is given by the product of )ég, and

% . From an investigation of the frequency response of the open-loop
transfer function one can form an excellent idea of the characteristics and
limitations of various systems.

The following two chapters are concerned principally with the frequency-
response and stability of two systems. Chapter V deals with the case that the
power boost ratio (/Z is infinite and the input ratio @ is unity. Because
of the wide use of the "fully-powered" system, portions of the material of
Chapﬁers III and IV are repeated, so that Chapter V may be read with little
reference to earlier chapters. In Chapter VI analysis of th? generalized
power boost case is resumed.

CONFIDENTIAL V-9
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CHAPTER V

THE FULLY-POWERED HYDRAULIC CONTROL SYSTEM
SECTION 1 - THE GENERALIZED SYSTEM

The purpose of this chapter is to present the equations governing the
behavior of a fully-powered hydr'aulic control system and to investigate the
effects of ifs various parameters upon freciuency response and stability. The
schematic diagram is shown in Figure V-1, g.nd the corresponding nodal diagram
is shown in Figure V-2, The form of this diagram is derived from Figure III~5
by assuming the power boost ratio I/ b to be infinite and the control input
ratio @ to be unity, and by adding the simplified surface characteristics dis-
cussed in Chapter 1V.

The viscous damping coefficients 5, and B" represent respectively the
damping due to the relative velocity of the valve slide and the cylinder, and
the damping in the cable and feel device, The mass A/, is the effective mass
of the valve slide, the quadrant, and the csble. The spring constant 4, rep-
resents the effect of a springing action between the valve slide and the cylin-
der; and 4; represents the effect of the flexifaility between the valve slide
and a point of the controlling system having a displacement x, , which is the
actuating quantity'of the control syatem;

For purposes of classification in this volume, a hydraulic control system
of the general type shown in Figure III-5 is regarded as fully-powered whenever
the power boost ratio // b is infinite, Strictly speaking, however, the damp-
ing B, and the spring ke cause a deviation from fully-powered operation in
that a force muy be transmitted from the control surface back to an initially
controlling system, which may be the human pilot or an autopilét, If the behav-
ior of the pilot or autopilot is markedly affected by a force transmitted from
the control surface because the value of 5, or of A, or of both is other than

zero, there is a possibility that force coupling, in addition to displacement

CONMBDENTIAL V-1
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coupling, exists between the initially controlling system and the hydraulic con-
trol system. With the human pilot, force coupling is probably not very important;
however, with some autopilot installations, the effect might be appreciable, In
most instances it is sufficient to consider onl‘y‘displacqnent coupling, and the

following development is based on that assumption.

Xv
—
e
7k
Iy
/ v kg . xs
/ - MNT ——
j m ‘ I //// * J
A x1) NV % /